Abstract. The authors consider two models, the Lawrence-Doniach and the anisotropic Ginzburg-Landau models for layered superconductors such as the recently discovered high-temperature superconductors. A mathematical description of both models is given and existence results for their solution are derived. The authors then relate the two models in the sense that they show that as the layer spacing tends to zero, the Lawrence-Doniach model reduces to the anisotropic GinzburgLandau model. Finally, simplified versions of the models are derived that can be used to accurately simulate high-temperature superconductors.
materials that retain superconducting properties at relative high temperatures, there has been a tremendous resurgence of interest in superconductivity among the physics, material science, engineering, and mathematics communities. One of the features of high-To superconductors is their layered structure, comprising alternating layers of superconducting, and non (or weakly) superconducting materials. In planes parallel to the layers, the material is isotropic. However, there is a strong anisotropy present when one compares material properties parallel and perpendicular to the layers. One may consult [11] for a recent survey providing a lucid discussion of layered superconductors. (It should be noted that some of the low-T superconductors also possess a layered structure. One fortunate result of this is that scientists have been studying layered superconductors for a period of time substantially longer than that that has transpired since the discovery of high-T superconductors.)
A model proposed by Ginzburg and Landau [9] has become generally accepted as a macroscopic model for superconductivity in isotropic (and homogeneous) superconductors, e.g., in atomic metals. However, this model cannot account for the anisotropy of layered superconductors. In its place, alternative models have been proposed. One of these is the anisotropic Ginzburg-Landau model or effective mass model introduced by Ginzburg in 1952; see [14] and [20] and the references cited therein. In this model, the effects of the microscopic layered structure are averaged out so that the anisotropic *Received by the editors October 13, 1993 ; accepted for publication (in revised form) February 2, 1994. Mathematical Institute, 24-29 St. Giles [17] ; see also [4] and [15] . In this model, the material is treated as a stack of superconducting planes, each pair of which is separated by a vacuum or insulating material. Furthermore, in this model, the coupling between the superconducting planes is similar to that that occurs in a Josephson junction. Again, one may consult [11] and the references cited therein for a complete discussion of these models and the physical circumstances necesssary for their validity. (Other models have also been proposed, e.g., the anisotropic London model, which we do not consider here.)
Our goal here is to examine some mathematical properties of the two models for layered superconductors and in particular to rigorously establish the connection between the two models as the spacing between the layers tends to zero. We also examine some simplications that can be effected in the models in the case of highTc superconductors. These simplifications are of importance since they can result, for example, in substantial savings in the cost of computer simulations of physical phenomena.
In the remainder of this section, we introduce some notation that will be used in the sequel. In 2 we briefly consider the isotropic Ginzburg-Landau (GL) model, to establish some terminology which will be used later. In 3 we consider the anisotropic Ginzburg-Landau, or effective mass (EM), model and provide some results concerning the model. We do likewise for the Lawrence-Doniach (LD) model in 4 . In 5 and 6 we, respectively, make the rigorous connection between the two models and discuss the simplications that may be effected in the high-To case, both of which were alluded to above.
1.1. Notation. Throughout, we will denote three-vectors by (7) and two-vectors by bold face notation. Thus, A, A, and A denote a scalar, a two-vector, and a threevector, respectively. We will often have occasion to partition a three-vector A into the form so that here Az denotes the third component of A. The same notational convention will be used for operators. For example, we will denote the gradient operator with respect to the x and y coordinates by grad while the three-component gradient will be denoted by grad.
Throughout, for any nonnegative integer k and domain 79 C IR3, Hk(79) will denote the Sobolev space of real-valued functions having square integrable derivatives of order up to k. The corresponding spaces of complex-valued functions will be denoted by 7-/k(79). Corresponding spaces of three-vector-valued functions, each of whose three components belong to Hk(79), will be denoted by /(79), i.e., k(79) [ One may consult, e.g., [1] , [6] [7] [8] , [16] , [18] , [19] , or [21] For the layered superconductors described in 1, the anisotropic Gibbs free energy (3.1) is valid if the z-axis coherence length z is large compared to the layer spacing.
Although, for high temperature superconductors, this is usually true only near the critical temperature T, it turns out that many (but not all) properties of layered superconductors can be reasonably simulated using (3.1) and (3.2). Again, see [11] and the references cited therein.
We now introduce the usual nondimensionalizations. Many of the results of, e.g., [6] and [8] , concerning the isotropic Ginzburg-Landau model hold for the anisotropic model based on the minimization of (3.3 We want to again emphasize that the extension of the order parameter to the layers between the superconducting planes is a matter of convenience and that, strictly speaking, the order parameter makes sense only on the superconducting planes.
The parameter appearing in (4.1) will be specified later; note that has the same dimension as c. We naturally associate the mass rn in (4.1) with rnll of 3.
Using similar nondimensionalizations as were used in [4] . In [17] , (4.3) was given but the magnetic potential was assumed to be that corresponding to a constant external field in the absence of the superconductor. (In 6, we will see that this is not an unreasonable simplification.) Also, the version of (4.3) given in [17] was not in a gauge invariant form. However, the two most important features of the system (4.3)-(4.11) were first given in [17] . These are the discrete nature of the order parameter as a function of z, and, foremost, the Josephson coupling between the superconducting planes. [12] . If [k(x, Y)I >-/ > 1, using a gauge transformation, we may assume, without loss of generality, that in a neighbood of (xk, y), the solution is real valued, positive, and greater than unity. In this case, the real part of equation Since k(xk, Yk) > > 1, the first term on the left-hand side is positive and bounded away from zero in a sufficiently small neighborhood of (xk, yk). Since has a maximum at (Xk, Yk), the second term is nonnegative, perhaps in a smaller neighborhood.
Finally, in perhaps an even smaller neighborhood, the third term is larger than an negative number of arbitrarily small magnitude. Therefore, the left-hand side is positive. The analogous simplifications for the isotropic, homogeneous Ginzburg-Landau model were discussed in detail in [5] . Since most of that discussion applies to the current cases, here we will not provide details concerning the derivation or justification of the simplified models. We also note that, in practice, 5 is a sufficiently "large" value of for the simplified models to yield accurate approximations of the corresponding full models; see [5] for details. 6 .1. The simplified anisotropic Ginzburg-Landau model. In the high high field regime, it is more convenient to nondimesionalize lengths by 11" We now nondimensionalize magnetic fields by x/H, the magnetic potential by xllH, the order parameter by v/-a//3, free energy densities by a2//3, free energies by a2//3, and currents by cH/(Trll,). In terms of this nondimensionalization scheme, the anisotropic Ginzburg-Landau equations are given by Of course, it is easy to continue with this asymptotic expansion to find the corrections to this leading order behavior (see [5] ).
In addition to the fact that, to leading order, the determination of the magnetic potential and order parameter are essentially uncoupled, there is another simplification that occurs in the high , high field regime. Following [13] , (see also [31, [10] , and [14] ) we note that we can rescale certain variables so that the leading order anisotropic equations (6.10)- (6.12) [17] is given by exactly (6.26) and (6.28 ).
